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PERIODICITY OF ALMOST PERIODIC ZERO SETS 
AND ALMOST PERIODIC FUNCTIONS 

S.YU. FAVOROV 


Abstract. Whenever all differences between zeros of two holomorphic almost 
periodic functions in a strip form a discrete set, then both functions are infinite 
products of periodic functions with commensurable periods. In particular, the 
result is valid for some classes of Dirichlet series. 
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It was proved in [1] that each quasipolynomial 

N 

(1) Q{z) = 'y ' (ln£ XnZ , A n £l, a n G C. 

n —1 

with a discrete set of differences between its zeros is periodic up to a multiplier without 
zeros, i.e., is of the form 

N 

(2) Q(z) = Ce^ n cosh(u;z + bk), |8,w 6 R, C, bk G C. 

k =1 

The result is also valid for infinite sums 

OO 

(3) S(z) = ^a n e XnZ , X n G R, a n G C, 

n= 1 

under conditions 

OO 

(4) \ \a n \ < oo, Ai = sup A n < oo, A2 = inf X n > —00, Gqa2 7^ 0. 

“ ' n n 

n =1 

Note that zeros of functions (1), (3) are located in a vertical strip of a finite width. 

I11 1949 M.G. Krein and B.Ja.Levin (see [5], also [6], ch.6, p.2 and Appendix 6) in¬ 
troduced and studied the class A of entire almost periodic functions of an exponential 
growth with zeros in a horizontal strip of a finite width. In particular, if a sum S(z) in (3) 
satisfies condition (4), then S(iz) belongs to A. In fact, representation (2) was obtained 
in [1] for functions from A with a discrete sets of differences between zeros (of course, it 
should be replaced e l3z by e l/3z and cosh(o;z + 6 fc ) by cos(cu^ + bk) )• 

The phenomenon takes place for a pair of functions and discreteness of the set of 
differences between their zeros as well ([3]). For example, let Q 1, Q 2 be entire functions 
of the form (3) under conditions (4). If the set {z — w, Qi(z) = 0, Q?,{w) = 0} is 
discrete, then the both functions have the form (2) with the same oj and possibly different 
C,j3,N,bk- In particular, in the case Q 2 (—z) = Qi(z) = Q(z ) we get representation (2) 
for any function (3) with a discrete set {z + z', Q(z) = Q(z') = 0}. 

The proof of the above results are based on the property of zeros {zj} of functions 
/ G A ([6], Appendix 6, p.2) to be almost periodic in the sense of the following definition: 
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Definition 1 . A zero set {zj} is almost periodic if for any £ > 0 there is a relatively 
dense set E e C R such that for each r G E e there exists a bijection a : N —> N with the 
property 

(5) sup |Zj + ir — z a (j) | < e. 

3 

Recall that a set E C R is relatively dense, if there exists L < oo such that E D [a, a + 
L\ ^ 0 for any a G R. 

Practically, the above definition is applied to zero sets in a closed vertical strip. In the 
present paper we investigate holomorphic almost periodic functions and almost periodic 
sets in an open strip, in particular, in the complex plane and in half-planes. 

Definition 2 . A continuous function f(z) in a strip S = {z : a < Rez < b}, —oo < 
a < b < oo is almost periodic, if for any substrip S 0 , So C S and any e > 0 there is a 
relatively dense set E e S o C R such that for any r G E e S o 

( 6 ) sup \f(z + ir) - f(z)\ < e. 

zGSo 

A typical example of an entire almost periodic function is sum (3) under conditions 

OO 

) \a n \ < oo, sup X n < oo, inf A n > — oo. 

, n n 

n= 1 

Moreover, a holomorphic function f(z) in a strip S = {z : a < Rez < b}, —oo < a < b < 
oo is almost periodic if and only if there exists a sequence of quasipolynomials Q n of the 
form ( 1 ) such that for any substrip So, So C S, 

sup \f(z) - Q n (z)\ 0 , n —> oo. 

z£So 

(see [4], item 8 ). 

In order to take into account multiplicities of zeros, we use the term divisor instead of 
zero set. Namely, a divisor Z in a domain D is a mapping Z : D —> N U {0} such that 
\Z\ = suppZ is a set without limit points in D. In other words, a divisor in D is the 
sequence of points {zj} C D that has no limit points in D and every point of D appears 
at most a finite times in the sequence. If Z(z) < 1 for all z E D, we will identify Z and 
\Z\. The divisor of zeros of a holomorphic function / in D is the map Zf such that Zf (a) 
equals multiplicity of zero of function / at the point a. 

The following definition appeared at first in [ 8 ]: 

Definition 3 ([8],[2]). A divisor Z = {zj} in a strip S = {z : a < Re^ < 6 }, — oo < a < 
b < oo, is called almost periodic if for any £ > 0 and any substrip S°, S° C S, there is a 
relatively dense set 

(7) E £tS o = {rGl: Zj G S° \J z a ^) G S° =\zj Sir - z a (j) \ < £}. 
where a = ay is a suitable bijection N —>■ N. 

Remark. If we take cr~ 1 (j) instead of j in (7), we get 

(8) Zj G 5° \J z a -i(j) G 5° =>- |Zj — ir — z a -i^\ < £. 

Theorem 1 ([2]). a) If f is a holomorphic function in a strip S with an almost periodic 
modulus, then the divisor of zeros of f is almost periodic, 

b) for any almost periodic divisor Z in a strip S there is a holomorphic function f in 
S with an almost periodic modulus such that Z = Zf, 

c) for any almost periodic divisor Z in a strip S such that \Z\ D S' — 0 for some open 
substrip S' C S there is a holomorphic almost periodic function f in S such that Z = Zf. 
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There exist almost periodic divisors in the plane with a discrete set of differences that 
is not periodic. 

Example 1. Let 

Z = {z nik = i2 nk + 2 k , n G Z, k G N} 

be a discrete set in C. It is easy to see that the set is almost periodic, differences between 
its points form a discrete set, but Z is a countable union of periodic sets with different 
commensurable periods. 

In our article we prove the following theorem 

Theorem 2. Let Z, W be almost periodic divisors in a strip S = {z : a < Re^ < 
b}, —oo < a < b < oo. If 

a) \Z\ fl S' = 0 for some substrip S' C S, 

b) for any substrip So of a finite width, So C S, the set {z — w, z G \Z\ fl So, w G 
\W\ fl S 0 } is discrete, 

then Z, W are at most countable sums of periodic divisors with commensurable periods. 
Show that condition a) is essential. 

Example 2. Let S = {z : |Rez| < 1}, Z — {z m)n = (■m + in)e ia G S, m,n G Z}, where 
aGl such that cot a is an irrational number. Clearly, the set of differences of elements 
of Z is discrete. Let us prove that Z is an almost periodic divisor without any periods. 
By Kronecker Lemma (see, for example, [7], Ch.2, $ 2), for any £ > 0 the inequalities 

|icota| < £ (modZ), |i| < e (modZ) 

has a relatively dense set of common solutions. Therefore, the inequality 

\mcota\ < £(1 + | cot a|) (modZ) 

has a relatively dense set of integer solutions. The later means that for any 5 there exist 
pairs of integers (m, n) G Z 2 such that 

(9) | m cos a — n sin a \ < 5, 
and the set of m with this property is relatively dense. Put 

E = {rri sin a + ncosa : \mcosa — nsina| < 5}. 

Let r — m sin a + n cos a G E. For any z m . n G Z and m! = m + m , n' — n + n we have 

z m ,n + ir — z m >y = (m, + in)e ia + ilm[(m + ih)e ia ] — [mf + in')e ia = Re[(m + ih)e ia ]. 

By (9), | Zm, n Sir - z m >, n >\ < S. Since 

|r — (cos 2 a/ sin a + sino;)m| = |hcosa — (cos 2 a/sina)rh\ < <5| cot a\, 

we see that the set E is relatively dense. So, Z is an almost periodic divisor. 

Since Z sites in the vertical strip of width 2, we see that any period of Z must have 
the form iT , T G R. Hence, for some (n,m), (■ n',m') G Z 2 , (n,m) ^ (■ n', m' ), 

(n + im)e ia — (n' + im')e ia = iT, 

and 

(n — n') + i(m — mf) = iT( cos a — i sin a). 

This equality contradicts our choice of a. Hence any part of Z has no periods. 

Our proof of Theorem 2 makes into use the following Lemmas 

Lemma 1 . Let Z = { z n } be an almost periodic divisor in a strip S, S° be a substrip, 
So C S, e > 0, Ti, t 2 G E £! so, where E £) so is from Definition 3. Then there is a bijection 
a : N —> N such that if zj G S°, dist(zj , dS °) > £, then 

( 10 ) \z j J ri(T 1 -T 2 )-z a ( j )\<2£, \zj - i(n - r 2 ) - z a -i {j) \ < 2£. 
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It can be proved easily that the similar assertion is valid for T\ + r 2 as well. 

Proof. If Zj satisfies conditions of the Lemma, then for some bijection 07 : N —> N we 
have |Zj + ir\ — z ai ^)\ < e, therefore |Re(^ (Tl ( : ,) — Zj)\ < e and z ai ^ G S°. By ( 8 ), we also 
get the inequality \z a -i oai ^ — ir 2 — z n ^\ < e for some bijection cr 2 : N —>■ N. Therefore, 

we obtain the first part in (10) with a = af 1 o <j\. If we change places of 77 and r 2 , we 
obtain the second part in ( 10 ). 

Lemma 2. Let Z = {z n }, W = {w m } be almost periodic divisors in a strip S. Then for 
any e > 0 and substrip S° C S, dist(So, dS ) > e, there is a relatively dense set E C M 
with the property: for any t G E there are bijections a z , % from N to N such that for 


all Zj 

G \Z\ P S°, w r G \W\ P S° 


in) 

1 Zj +ir — z azU) I < £, 

|Wr + IT ~ W aw {r)\ < £ 

and 



( 12 ) 

\zj-iT-z a -i {j) \<e : 

<e. 

Proof. Put S = {z G S : dist(z, S' 0 ) < e/2}. By (7) and ( 8 ), there is a number L such 
that any interval of length L contains Tz and Tw with the properties 

(13) 

I Zj + ir z - z az{j) \ < e/4, 

1 Zj - iTz - Z a - 1 0 -)| < e/4 

for all 

Zj G \Z\ P S, and 


(14) 

I w r + ir w - w aw ( r) | < e/4, 

|w r -iTwr - w CT -i (r) | < e/4 

for all 
We 
n(k), 

w r G W PS. Here a z , cr w are some (in general, different) bijections NgN. 
may suppose that N = 2L/e is an integer. Hence for any k G Z there are integers 
m(k), 0 < n(k),m(k) < N such that 


| kL + n(k)e/2 — t z \ < e/4, 

/cL + m(k)e/2 — tw < e/4. 


The differences n(k) — m(k ) take at most 2N + 1 values. Choose ki ,..., k r , r < 2 N + 1, 
such that for any k G Z there is k s such that 


n(k) — m(k) = n(k s ) — m(k s ). 

It follows easily that any interval of length L(max, s (|/e s | + 2) contains a point of the form 

t = Lk + n(k)e /2 — Lk s — n{k s )e /2 = Lk + m{k)e /2 — Lk s — m(k s )e/ 2 . 

If we replace Tz by Lk + n{k)e/2 or Lk s + n(k s )e /2 in (13), we obtain that this inequality 
satisfies with e/2 instead of s/4. The same is true if we replace by Lk + m(k)s/2 or 
Lk s + m(k s )e /2 in (14). Applying Lemma 1 with S° = S and s/2 instead of s, we see 
that r satisfies ( 11 ) and ( 12 ). 

Proof of Theorem 2. Set a sequence of vertical substrips 5/, ,5/ C S/+ 1 , such that 

|z| n Sj / 0, |ir|n ( s 1 ^0„ s , 1 ns , V0, = 

Take any points z G \Z\ D Si, w G \W\ fl Si. It follows from (11) with s < 
min{dist(z, c?<S'i), dist(w, <9,5j)} that there is R < 00 such that any horizontal strip of 
the width R contains at least one point \Z\C\ S\ and at least one point \W\ D 5j. By 
condition b) of the theorem, for each k the set — w, z G \Z\ fl .5/, w G \W\ D Sk} is 
discrete. Hence there exists 7^ G (0, 1/2) such that whenever 

Zm Zn 1 ^ \Z\ Pi Sk+ 1, W m) W m / G | Z\ Pi 1, Z n VJ m 7^ Z n i 

|Irn (z n - w m ) I < 2R + 3, |Im(z n / - w m >) \ < 2R + 3, 

we get 7 ^ < | [z n ’ — w m >) — (z n — w m ) |. In particular, if we put w m = then we get 

7fc < kn - ^n'l for any z n , z n < G |Z| P S k+1 , z n ^ Zn >. 
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Fix z n G \Z\ D S k , and let a number r > 1 satisfies (11) for Z and W with £ = 7 fc / 2 . 
Then there is a unique z n > G \Z\ such that \z n + ir — z n <\ < 7 ^/ 2 . Indeed, otherwise we 
obtain 

\z n > - z n "\ < | z n + ir - z n > \ + |z n + ir - z n » \ < 7 fe . 

Set T k Zfij/i. 

Let w m G |W| be such that |Im (w m — z n )\ < 2R + 2. By (11), there is a point w m t G \W\ 
such that \w m + ir — w m > \ < jk/2. Therefore, 

| {z n - w m ) - {z n > - w m >) I < \w m + ir - w m >\ + I z n > - z n - ir I < 7 fc. 

Since 

|Im(^ n / - w m i)\ < |Im (z n - w m )\ + | z n - z n > + ir | + \w m - w m > + ir\ <2R + 3, 

we get z n — w m = — w m t clue to the choice of 7 *. Therefore, w m > = w rn + %T^ ■ 

The latter equality takes place for all points |hF|n{w : \mz n — 2R < limn < lm.z n +2R}, 
in particular, for some Wi such that In iz n + R < Im wt < Im z n + 2 R. Namely, there is 
Wi' G \W\ such that Wy = Wi + iT k . Let ( G \Z\ be any point from the set 

(15) {z : Im z n < I rim < Irrm n + 3 R} C {z : Im wi — 2 R < In iz < Im wi + 2 R}. 

By (11), there is a point (' G | Z\ such that |( + ir — C'| < 7 ^/ 2 . Therefore, 

|(C - wi) - (C' - W V )I < 1C + ir - C'l + |iTk ~ ir\ < 7 fc . 

Since |ImC — Irmi; ; | < 2 R and 

|Im(C' - w v )\ < |Im(C — w t )\ + |C + ir - C'| + \iT k - ir\ <2R + 3, 

we get ( — wi = (' — Wi/ clue to the choice of 7 ^. Therefore, C ; = C + 

In particular, there is a point z s G \Z\ D {z : Irrm n + 2 R < Im z < Im z n + 3 R} such 
that z s + iT k G \Z\. Continuing the line of reasoning, we obtain that for all z G \Z\ such 
that Im z > Im z n we get z + iTk G \Z\ and for all w G \W\ such that Irma > Irrm n we get 
w + iT k e \W\. 

If we take w\ G \W\ such that lmz n — 2R < Imw( < Im z n — R, we also can find w[, G \W\ 
such that w[, = w[ + iT k . Next, we prove that for any point C G \Z\ D {z : Im z n — 3 R < 
Ini 2 ; < Irrm n } there is (’ G \Z\ such that (' = ( + iT k . Arguing as above, we show that 
for all z G \Z\ such that Irrm < Inm n we get z + iT k G \Z\ and for all w G \W\ such that 
Imw < Irrm n we get w + iT k G \W\. 

Next, by (12), take for any z G \Z\ a point z" G | Z\ such that \z" + ir — z\ < 7 ^-/ 2 . 
Then z" + iT k G \Z\ and 

| {z" + iT k ) ~ z\ < | z" + ir — z\ + \ir - iT k \ < 7 k - 

Therefore, z" + iT k = z and z — TT k G \Z\ for all z G \Z\. By the same arguments, 
w-iT k G \W\ for all w G \W\. 

If an imaginary part of T k does not vanish, then either z n +iMT k G S', or z n —iMT k G S' 
for a suitable M G N. Therefore, T k is real and for any M G Z we get (\Z\ D S k ) + iMT k = 
\Z\ fl S k i (|kF| H Sk) +iMT k = \W\ nS k . Hence, the restrictions Z |s fc , W |s fc the divisors 
Z, W to S k are periodic divisors with period iT k . 

The same arguments work for every k — 1,2,.... 

Let Tj) be the minimal common period of Z |g fc and W \s k - Clearly, T k /Tj) G N. Besides, 
since \Z\ fl S k C \Z\ fl S m for m > k, we have T m /T® G N as well. 

Finally, let Z k = Z |sf fc+1 \ Sfc , W k = W ls k+1 \s k - Tli en we obtain 

Z — Z\ + Z 2 + Z% + .. W = W] + IV2 T IF 3 + .... 

Theorem is proved. 

Theorem 2 implies the corresponding result for almost periodic holomorphic functions. 
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Theorem 3. Let f, g be almost periodic functions in a strip S = {z : a < Rex; < 
6}, — oo < a < b < oo. If 

a) either f, or g has no zeros in an open substrip S' C S, 

b) for any substrip So, So C S, the set {z — w, z,w G So, f(z) = g(w ) = 0} is discrete, 
then 

OO OO 

( 16 ) f(z) = fo(z)Y[ fk(z), g(z) = g 0 (z)Y[gk(z) 

k=l k=l 

where f 0 , go are holomorphic almost periodic functions in S without zeros, f k , g k , k = 
1,2,, are periodic holomorphic in S with commensurable periods T k . 


Proof. By Theorem la), the divisors Z, W of zeros of f, g, respectively, are almost 
periodic and satisfy other conditions of the previous theorem. Let Sk, Zk, Wk, be the 
same as in the proof of Theorem 2. Set 

S k = {z : Tj k <Rez< rj' k }, rj k < g k -u V k > Vk-i, V/c. 

For any k there is only a hnite number of points of,..., G \Z k \ U {z : 0 < Imz < T k }. 
Therefore, \Z k \ — { a\,..., of , } + iT k Z. Take e 3 k > 0, 1 < j < m k , 3 < k < oo, such that 


(17) 


< °°- 
j,k 


Fix k > 1. Let 

hj(w) = 1 - wexp(-27r afj/Tk), j - 1... ., m k . 

Clearly, hj(ex.p(2irz/Tk )) has a divisor aj’ + ?'T fc Z. Since aff G S k \S k -r, we see that either 
rf k _ ! < Reo-, or g k -\ > Rea^. In the hrst case, log hj(w) is holomorphic on the disc 
|w| < exp(27rR ,eaff/T k ), and there is a polynomial P'f such that 

| log hj(w) - Pj(w)\ < £ j k for |w| < exp(27 Trj' k _ 2 /T k ). 

In the second one, log hj(w) is holomorphic on the set |w| > exp(27rRe a 1 -/T k ), and there 
is a polynomial Pj such that 

| log hj(w) - Pj(w~ l ) | < 4 for |ro| > exp(27r r] k -i/T k ). 

Put Qj(z) = Pj(exp(27rz/Tk)) in the hrst case, and Qj(z) = Pj (exp(— 2^z/T k )) in the 
second one. We obtain 

(18) \hj(e 2nz/Tk )e~ Qj{z) \ < e £ j for z G S k . 2 . 


Put 

fk{z) = I] h j (e 2 * z/Tk ), k — 1,2, f k (z) = h 3 {e 2 ^)e~^ z \ k > 2 . 

j =i i=i 

Clearly, Zf k = Z k . By (17) and (18), the product in (16) converges in every substrip S k . 
The function f{z)/\^ =l f k {z) is holomorphic in S, and, by [8], Theorem 1, it is almost 
periodic in S. In the same way, we obtain the representation of g. 

Remark. It follows easily that for entire almost periodic functions /, g with zeros in a 
strip S' of a hnite width one can take Si = S. Therefore, /, g are periodic functions with 
the same period up to almost periodic multiplies without zeros. Hence the results of [1], 
[3] follow from Theorem 3. 
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